In this note we endow Kontsevich's category KMM k of noncommutative mixed motives with a non-degenerate weight structure in the sense of Bondarko. As an application we obtain a convergent weight spectral sequence for every additive invariant (e.g. algebraic K-theory, cyclic homology, topological Hochschild homology, etc.), and a ring isomorphism between K 0 (KMM k ) and the Grothendieck ring of the category of noncommutative Chow motives.
Weight structure
In his seminal talk [6] , Kontsevich introduced the triangulated category KMM k of noncommutative mixed motives (over a base commutative ring k) and conjectured the existence of a "different" t-structure on this category. In this note we formalize Kontsevich's beautiful insight and illustrate some of its important consequences. Recall from [8, 9] the construction of the additive category NChow k of noncommutative Chow motives. Our formalization of the "different" t-structure is the following: Items (i)-(iv) assert that the triangulated category KMM k is endowed with a weight structure w (also known in the literature as a co-t-structure) in the sense of Bondarko [2, Def. 1.1.1]. Item (v) asserts that w is bounded, item (vi) that the heart of w can be identified with the category of noncommutative Chow motives, and item (vii) that w is non-degenerate. Theorem 1.1 should then be regarded as the noncommutative analogue of the Chow weight structure on Voevodsky's triangulated category of motives; consult [2, §6.5-6.6].
Weight spectral sequences
Let dgcat k be the category of (small) dg categories over a fixed base commutative ring k; consult Keller's ICM address [5] .
Definition 2.1. Let L(−) : dgcat k → M be a functor with values in a symmetric monoidal stable model category; see [4, §4 and §7] . We say that L is an additive invariant if it verifies the following three conditions:
(i) filtered colimits are mapped to filtered colimits; (ii) derived Morita equivalences (i.e. dg functors which induce an equivalence on the associated derived categories; see [5, §4.6] ) are mapped to weak equivalences; (iii) split exact sequences (i.e. sequences of dg categories which become split exact after passage to the associated derived categories; see [7, §13] ) are mapped to direct sums
in the homotopy category Ho(M). Consider the following compositions
where 1 stands for the ⊗-unit of M and Ab for the category of abelian groups.
Example 2.4 (Algebraic K-theory). Recall from [5, §5.2] that the (connective) algebraic K-theory functor K(−) : dgcat k → Spt, with values in the category of spectra, satisfies the above conditions (i)-(iii) and hence is an additive invariant. As explained in [3, Example 8.11] , the associated functors ((P • C)(−)) n agree with the periodic cyclic homology functors HP n (−). Example 2.8 (Topological Hochschild homology). Recall from [1] (see also [12, §8] ) that the topological Hochschild homology functor T HH(−) : dgcat k → Spt is also an example of an additive invariant.
Recall from [11, Thm. 2.8] and [10, Prop. 2.5 ] the construction of the following natural transformations between additive invariants:
By first evaluating these natural transformations at a noncommutative mixed motive M , and then passing to the associated functors (2.3) we obtain, respectively, the Dennis trace maps, the higher Chern characters, and the negative Chern characters:
Theorem 2.10. Under the preceding notations the following holds: (i) To every noncommutative mixed motive M we can associate a cochain (weight) complex of noncommutative Chow motives
Moreover, the assignment M → t(M ) gives rise to a conservative functor from KMM k towards a certain weak category of complexes
Moreover, (2.11) is functorial on M after the E 1 -term. (iii) The above natural transformations (2.9) respect the spectral sequence (2.11).
Intuitively speaking, item (i) of Theorem 2.10 shows us that all the information concerning a noncommutative mixed motive can be encoded into a cochain complex. Items (ii) and (iii) endow the realm of noncommutative motives with a new powerful computational tool which is moreover well-behaved with respect to the classical Chern characters. We intend to develop this computational aspect in future work.
Grothendieck rings
As explained in [6, 8, 9] , the categories KMM k and NChow k are endowed with a symmetric monoidal structure induced by the tensor product of dg categories. Hence, the Grothendieck group of KMM k (considered as a triangulated category) and the Grothendick group of NChow k (considered as an additive category) are endowed with a ring structure. 
Informally speaking, Theorem 3.1 shows us that "up to extension" the categories KMM k and NChow k have the same isomorphism classes.
Proofs
Proof of Theorem 1.1. Recall from [6] that a dg category A is called smooth if it is perfect as a bimodule over itself and proper if for each ordered pair of objects (x, y) in A, the complex of k-modules A(x, y) is perfect. Recall also that Kontsevich's construction of KMM k decomposes in three steps: (1) First, consider the category KPM k (enriched over spectra) whose objects are the smooth and proper dg categories, whose morphisms from A to B are given by the (connective) algebraic K-theory spectrum K(A op ⊗ L B), and whose composition is induced by the (derived) tensor product of bimodules. In what follows, we will assume that these identifications have been made. Now, recall from [8, 9] that the category NChow k of noncommutative Chow motives is defined as the pseudo-abelian envelope of the category whose objects are the smooth and proper dg categories, whose morphisms from A to B are given by the Grothendieck group K 0 (A op ⊗ L B), and whose composition is induced by the (derived) tensor product of bimodules. construction of the functor (4.4) U a : dgcat k −→ Mot add dg (e) . As proved in [8, Thms. 4.6 and 6.3], U A is the universal functor with values in an additive category which inverts derived Morita equivalences and sends split exact sequences 2 to direct sums (see condition (iii) of Definition 2.1). Since these conditions are satisfied by the functor U a (see [7, Thm. 15.4] ) and Mot add dg (e) is an additive category (since it is triangulated) we obtain an induced additive functor Ψ making the following diagram commute Proof. Let C be a full subcategory of Mot add dg (e) containing the zero object. Let us denote by C[Z] the category ∪ n∈Z C[n], by C ♮ the idempotent completion of C inside Mot add dg (e), and by Ext(C) the subcategory of Mot add dg (e) formed by the objects O for which there exists a distinguished triangle
with M 1 and M 2 in C. Note that C ⊆ Ext(C). Consider the following Let j 1 and j 2 be the integers of the vanishing condition which are associated to M 1 and M 2 , respectively. Then, by choosing j := max{j 1 , j 2 } we observe that the object O also verifies the above vanishing condition; (3) The category C ♮ : this is clear since every object in C ♮ is a direct summand of an object in C; recall that Mot add dg (e) admits arbitrary sums and so every idempotent splits. Let us now apply the above general arguments to the category C = Φ(NChow k ). By computation (4.5) the above vanishing condition holds for every object (with j = 0). Recall that KMM k is the smallest thick triangulated subcategory of Mot add dg (e) spanned by the objects N ∈ Φ(NChow k ). Hence, every object M ∈ KMM k belongs to the category obtained from Φ(NChow k ) by applying the above constructions (1)-(3) a finite number of times (the number of times depends on M ). As a consequence, we conclude that M satisfies the above vanishing condition and so the proof is finished. Note that (4.12) is homological, i.e. it sends distinguished triangles to long exact sequences, and that we have the following identifications: As the above proof clearly shows, Theorem 2.10(ii) applies also to periodic cyclic homology; see Example 2.7.
Proof of Theorem 3.1. As explained in [3, Thm. 7.5] the functor (4.4) is symmetric monoidal. Since (4.3) is also symmetric monoidal we conclude from the construction of (4.2) that this latter functor is also symmetric monoidal. Recall from the proof of Theorem 1.1 that the category KMM k is endowed with a bounded weight structure w. Since the functor 
